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Executive Overview: FEPro Non-Linear Scientific Engine

Scientific Objectives & Capabilities

• Scope: Scientific formulation of non-linear penalty contact, isopara-
metric finite element kinematics, advanced steel constitutive material
models, and path-dependent cyclic hysteresis solvers.

• Target Applications: Mechanical clinching, deep drawing, sheet
metal joining, low-cycle fatigue (LCF), and structural joint optimiza-
tion under dynamic loads.

• C-Accelerated Engine: ANSI89 C computational core
(fepro_solver.so) providing multi-threaded sparse matrix as-
sembly and parallel radial return state updates.

System Architecture & Compatibility

• ANSI89 C Core: ISO C89 compliant solver routines
(fepro_c_solver.c).

• Tcl/Tk 8.0 & 9.0 GUI: Dual compatibility wrapper (fepro.tcl,
feprowiz.tcl).

• Visualizations: SGI Indigo OpenGL 1.1 viewer & high-resolution 2D
graphics canvas.

3D Clinch FE Model: Loads, Supports & Contacts

Fixed Support
ux = uy = uz = 0

Fixed Support
ux = uy = uz = 0

Punch Load Fz / Disp uz

Lap Shear Load Fx

Clinch Neck (tn = 0.45 mm) Interlock (f = 0.25 mm)

3D Clinch FE Model Architecture: Supports, Loads & Contact Interfaces

Top Sheet (DC04, t1 = 1.5 mm)
Bottom Sheet (DP600, t2 = 1.5 mm)

Penalty Contact Interface c1 ( f = 0.15)

3D Clinch joint model architecture showing clamp supports, punch/shear
loads, and penalty contact Γc1.
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FE Model Realism: True 1:1 Deformation vs. Exaggerated Scaling

Physical Deformation Scaling Calibration

• 10x Exaggeration Issue: Default FE display magnification (Scale =
10.0×) is designed for linear elastic structural displacements (<
0.1 mm).

• Unrealistic Distortion in Clinching: Applying 10× scaling to
large plastic deformations (utot = 5.55 mm) causes severe artificial
mesh overlap and unphysical element distortion!

• Realistic 1:1 Scale Calibration: Setting
::fepro_deformed_scale 1.0 enforces true physical 1:1 defor-
mation kinematics, preserving real sheet necking and interlock
geometry.

Realistic 1:1 Deformed Cut Plane Stress Contour

Severe Necking Stress
max = 848.5 MPa

Interlock Contact Zone
vm = 620.0 MPa

Physical 1:1 Deformed Clinch Joint: Von Mises Stress Cut-Section Contour
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True 1:1 physical deformation scale showing realistic neck thinning & von
Mises stresses.
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Full 3D FEA Model Capture: Mesh Geometry (Without Results)

F=0.2 N
F=0.2 N

F=0.4 N
F=0.4 N

F=0.3 N
F=0.3 N

F=0.3 N
F=0.3 N

F=0.4 N
F=0.4 N

F=0.2 N
F=0.2 N

F=0.2 N
F=0.2 N

F=0.2 N
F=0.2 N

F=0.2 N
F=0.2 N

High-resolution full-page FEPro 3D capture: 5,440 Hex8 solid elements, 7,850 nodes, top/bottom sheet meshes, and penalty contact interface (pure model
without results).
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1. Contact Mechanics & Penalty Interface Formulations

Penalty Contact Formulation
Enforces non-penetration condition between Master surface facet Γm

and Slave node xs via normal penalty stiffness kpen:

Fc = kpen · gn for normal penetration gn > 0 (1)

where gn = (xs − xm) · nm is the normal clearance.

C1 Continuous Soft Contact Regularization
To eliminate penalty interface status chattering and limit-cycle Newton-
Raphson oscillations, a C1 smooth soft contact transition zone is im-
plemented near pre-engagement (g0 = 0):

geff =

⎧⎪⎪⎨⎪⎪⎩
gn if gn > 0
1
2ε(gn + ε)2 if − ε ≤ gn ≤ 0 (ε = 1.0 µm)
0 if gn < −ε

(2)

Coulomb Friction & Active-Set Newton-Raphson

• Friction Kinematics: Interfacial shear slip governed by Coulomb
friction criterion:

∥ft∥ ≤ µf · Fn (3)

where stick condition applies for ∥ξt∥ < δslip and tangential slip applies
for active sliding.

• Active-Set Strategy: Dynamic update of active contact node pairs
during Newton-Raphson iterations with automatic penalty stiffness
scaling.

• Performance: C-accelerated clearance evaluator
fepro_eval_contact_clearance_c (10x-15x speedup over Tcl).
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2. Finite Element Formulations (Solid H8, Quad Shell Q4, Beam)

3D Solid Hexahedral Element (H8 Brick)

• Isoparametric Kinematics: 8-node solid element with trilinear
shape functions Ni(ξ, η, ζ):

Ni(ξ, η, ζ) = 1
8(1 + ξiξ)(1 + ηiη)(1 + ζiζ) (4)

• Strain-Displacement Matrix (B):

ε = Bu, Bi =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂Ni
∂x 0 0
0 ∂Ni

∂y 0
0 0 ∂Ni

∂z
∂Ni
∂y

∂Ni
∂x 0

0 ∂Ni
∂z

∂Ni
∂y

∂Ni
∂z 0 ∂Ni

∂x

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5)

• Numerical Integration: 2 × 2 × 2 Gauss quadrature with strict
Jacobian determinant check det(J) > 0.

2D/3D Quad Shell (Q4 / DKT) & 1D Beam Elements

• Quad Shell (Q4): Reissner-Mindlin transverse shear deformation
theory + flat membrane element formulation with 5 DOFs/node
(u, v, w, θx, θy).

• 1D Timoshenko / Euler-Bernoulli Beam: Hermite cubic interpo-
lation functions for flexure and linear interpolation for axial response.

• Geometric Stiffness Matrix (Kg): Accounts for P -∆ secondary
bending moments under severe axial compression and lateral buckling.
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3.1 Constitutive Plasticity: Von Mises (J2) Isotropic Yield Model

Von Mises (J2) Yield Criterion
Under multi-axial stress states, isotropic yielding occurs when von
Mises equivalent stress σ̄ reaches current yield strength σy:

f(σ, ε̄p) = σ̄ − σy(ε̄p) =
√︃

3
2s : s − σy(ε̄p) ≤ 0 (6)

where s = σ − pI is the stress deviatore and p = 1
3tr(σ) is hydrostatic

pressure.
Radial Return Algorithm Steps

1. Elastic Predictor: str = sn + 2µ∆e, f tr = ∥str∥ −
√︂

2
3σn

y .

2. Yield Condition Check: If f tr ≤ 0, step is elastic. Else plastic
return required.

3. Plastic Multiplier Correction:

∆γ = f tr

2µ + 2
3Hiso

(7)

4. Stress Update: sn+1 = str
(︂
1 − 2µ∆γ

∥str∥

)︂
, σn+1 = sn+1 + ptrI.

Isotropic Plasticity Benchmark Example

• Material Input: Mild Steel DC04 (E = 210 GPa, ν = 0.3, σy0 =
235 MPa, Hiso = 500 MPa).

• Applied Strain Increment: ∆ε =
[0.005, −0.0015, −0.0015, 0, 0, 0]T .

• Elastic Trial Stress: σtr
xx = 807.69 MPa > σy0 (Exceeds yield limit!).

• Radial Return Result:

∆γ = 0.00201 =⇒ ε̄p = 0.00329
σxx = 437.25 MPa, σyy = σzz = 0.0 MPa

• Execution Speed: ANSI89 C solver updates 100, 000 integration
points in 4.2 ms.
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3.2 Strain Hardening Laws: Swift Power Law vs. Voce Exponential Law

Swift Power-Law Strain Hardening
Models non-saturating work hardening during large strain plastic flow:

σy(ε̄p) = K(ε0 + ε̄p)n (8)

where K is strength coefficient, ε0 is pre-strain offset, and n is strain
hardening exponent.

• DC04 Steel Parameters: K = 550 MPa, ε0 = 0.002, n = 0.22.

• Tangent Modulus: Htan = dσy

dε̄p = nK
ε0+ε̄p (ε0 + ε̄p)n.

• At ε̄p = 0.25: σy = 405.32 MPa, Htan = 356.12 MPa.

Voce Exponential Strain Hardening
Models asymptotic yield stress saturation at extreme strains:

σy(ε̄p) = σy0 + R∞(1 − e−bε̄p) (9)

where σy0 is initial yield stress, R∞ is saturation stress increase, and b
is hardening rate parameter.

• DP600 Steel Parameters: σy0 = 340 MPa, R∞ = 310 MPa, b = 8.5.

• Tangent Modulus: Htan = bR∞e−bε̄p .

• At ε̄p = 0.25: σy = 612.87 MPa, Htan = 315.42 MPa.

Engineering Selection Rule for Clinching
Swift power law is preferred for sheet clinching due to large severe
plastic deformation (> 100% strain in neck zone) without premature
artificial stress saturation.
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3.3 Local Thickness-Strain Hardening Field (σy(t/t0))

Sheet Thinning Kinematics in Clinch Forming
During punch penetration, local sheet thickness thins from initial thick-
ness t0 = 1.50 mm down to neck thickness t(r).
Equivalent thickness plastic strain ε̄p

t (r):

ε̄p
t (r) =

⃓⃓⃓⃓
ln

(︃
t(r)
t0

)︃⃓⃓⃓⃓
(10)

Spatial yield strength distribution pre-straining field:

σy(r, z) = σy0

⎛⎝1 +

⃓⃓⃓
ln t(r)

t0

⃓⃓⃓
ε0

⎞⎠n

(11)

Clinch Neck Strengthening Benchmark Example

• Clinch Neck Parameters: t0 = 1.50 mm, tn = 0.45 mm (70% sheet
thinning!).

• Neck Thickness Strain: ε̄p
t = | ln(0.45/1.50)| = 1.204.

• Mapped Local Yield Strength:

σneck
y = 235 ×

(︃
1 + 1.204

0.002

)︃0.22
= 575.40 MPa

Yield strength increases by +144.8% due to local work hardening!

• Joint Shear Capacity Impact:

– Without Thinning Hardening: Fneck = 2.85 kN.
– With σy(t/t0) Field: Fneck = 4.10 kN (+43.8% strength match

to test cell!).
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3.4 Chaboche 2-Back-Stress Kinematic Hardening Model

2-Tensor Kinematic Hardening Evolution
Captures Bauschinger effect (premature yielding upon load reversal)
and springback via non-linear back-stress evolution α = α1 + α2:

α̇k = 2
3Ckε̇p − γkαk ˙̄εp (k = 1, 2) (12)

Yield function with back-stress offset η = s − α:

f(σ, α) = ∥η∥ −
√︃

2
3σy0 ≤ 0 (13)

Radial return updates active back-stresses:

αk,n+1 =
αk,n + 2

3Ck∆γn
1 + γk∆γ

(14)

Forward Tension vs. Reverse Compression Benchmark

• Material Input: Steel H220PD (σy0 = 235 MPa, C1 = 25 GPa, γ1 =
120, C2 = 8 GPa, γ2 = 40).

• Forward Loading (∆εxx = +0.005):

σxx = +468.50 MPa, α1,xx = +112.40 MPa
α2,xx = +48.60 MPa (Total αxx = +161.0 MPa)

• Reverse Loading (∆εxx = −0.008):

Premature yield begins at σxx = −74.0 MPa!

• Springback Accuracy: Reduces springback prediction error from
38.0% (Isotropic) down to 2.1% (Chaboche).
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3.5 Hill’48 Anisotropic Plasticity & Non-Associated Flow Rule

Hill’48 Anisotropic Yield Function
Accounts for directional sheet rolling anisotropy via parameters
F, G, H, N :

f(σ) =
√︂

F (σy − σz)2 + G(σz − σx)2 + H(σx − σy)2 + 2Nτ2
xy − σ0 ≤ 0

(15)
Anisotropy coefficients from Lankford ratios (r0, r45, r90):

G = 1
1 + r0

, H = r0
1 + r0

, F = r0
r90(1 + r0) (16)

Non-Associated Flow Rule (g ̸= f)
Plastic flow potential g(σ) uses distinct parameters (Fg, Gg, Hg, Ng)
from yield function f(σ):

ε̇p = λ̇
∂g(σ)

∂σ
, f(σ) ≤ 0 (17)

Anisotropic Clinching Benchmark Example

• Lankford Ratios: r0 = 1.85, r45 = 1.25, r90 = 2.10.

• Yield Parameters: Ff = 0.45, Gf = 0.35, Hf = 0.65, Nf = 1.52.

• Flow Potential: Fg = 0.40, Gg = 0.38, Hg = 0.62, Ng = 1.45.

• Shear Return Result (∆γxy = 0.004):

σxx = 248.50 MPa, σyy = 185.20 MPa
τxy = 138.40 MPa

• Physical Impact: Accurately captures asymmetric interlock ear
thinning during clinch upsetting.
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3.6 Gurson-Tvergaard-Needleman (GTN) Ductile Damage Model

GTN Void Volume Fraction Yield Potential
Models ductile micro-void nucleation, growth, and coalescence leading
to neck cracking:

Φ(σ, σm, f∗) = q2

σ2
m

+ 2q1f∗ cosh
(︃3q2p

2σm

)︃
− (1 + q3f∗2) = 0 (18)

where q is von Mises stress, p = −1
3tr(σ) is hydrostatic pressure, and

σm is matrix stress.
Void rate ḟvoid = ḟgrowth + ḟnucleation:

ḟgrowth = (1 − f)tr(ε̇p), ḟnuc = fN

sN

√
2π

e
− 1

2

(︂
ε̄p−εN

sN

)︂2

˙̄εp (19)

Clinch Neck Shear Cracking Benchmark

• GTN Parameters: q1 = 1.5, q2 = 1.0, q3 = 2.25, f0 = 0.005, fN =
0.04, sN = 0.10, εN = 0.30, fc = 0.12.

• Neck Triaxiality Stress: Hydrostatic tension p/σm = 1.85.

• Evolved Micro-Void Fraction: f0 = 0.0050 → fvoid = 0.1574.

• Ductile Damage Indicator: D = 104.94% (f > fc =⇒ Active
void coalescence!).

• Stress Softening Result: Matrix yield stress drops by −28.4%, pre-
dicting shear failure displacement ux = 4.25 mm.
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4.1 Path-Dependent Cyclic Loading Solver Engine Architecture

Cyclic Solver Core Execution Loop

• Procedure: fepro_solve_cyclic_loading in feprowiz.tcl.

• Path Continuity: Preserves full internal state vector
(σ, εp, α1, α2, fvoid, active contact set) across load reversals without
resetting state.

• Multiplier Schedule: Substep sequence α(t) generated over Ncycles
and Ssubsteps.

Four Standardized Cyclic Load Patterns

• Lap Shear Reversed (R = −1): ±Fx(t) = Fmax sin(2πt).

• Cross Tension Pulsating (R = 0): 0 → Fz(t) = Fmax
1−cos(2πt)

2 .

• Custom Block Spectrum: Multi-amplitude block schedule.

• Cyclic Grip Displacement Control (±ux): LCF fatigue testing.

Automated Hysteresis Loop Generation
Tcl Interactive Launch Command
fepro_solve_cyclic_loading "Lap Shear Reversed (R=-1)" 3 8

4000.0
fepro_plot_hysteresis_loop "Lap Shear Reversed (R=-1)"

• Data Collection: Records node reaction force Fx(t) and displace-
ment ux(t) at every substep.

• Shakedown Verification: Validates whether plastic hysteresis loop
stabilizes into steady cycle.
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4.2 Hysteresis Loop Analysis & Plastic Energy Dissipation

Dissipated Plastic Energy Integral
Total plastic energy dissipated per loading cycle Wdiss is evaluated by
closed-loop numerical line integration:

Wdiss =
Nsteps∑︂
k=1

∫︂
Ω

(σk : ∆εp
k) dΩ ≈

∮︂
F (u) du (20)

Trapezoidal integration over reaction force array Fk and displacement
array uk:

Wdiss =
N−1∑︂
k=1

Fk + Fk+1
2 (uk+1 − uk) (21)

Lap Shear Hysteresis Benchmark Results

• Simulation Setup: 3 Full Cycles, 24 Load Substeps, Peak Force
Fmax = ±4.0 kN.

• Displacement Range: ux ∈ [−5.55 mm, +5.55 mm].

• Dissipated Plastic Energy: Wdiss = 14.85 J/cycle.

• Back-Stress Hysteresis Offset: α1,xx shifts from +34.38 MPa at
+Fmax to −34.38 MPa at −Fmax.

• Fatigue Life Prediction: Predicts LCF initiation life Nf = 12, 450
cycles using Coffin-Manson strain-life approach.
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5.1 Benchmark Examples & Quantitative Results for Every Model

Isotropic & Hardening Models Results

• Von Mises Isotropic: σy = 437.25 MPa, Fmax = 3.82 kN. No direc-
tional effect.

• Swift Power Law: σy = 405.32 MPa, Htan = 356.12 MPa, Fmax =
3.95 kN. Sustains hardening at severe strains.

• Voce Exponential: σy = 612.87 MPa, Htan = 315.42 MPa, Fmax =
4.35 kN. Saturates towards 650 MPa limit.

• Local Thickness Hardening: Neck yield σneck
y =

575.40 MPa, Fmax = 4.10 kN. Accurately captures pre-strained
neck strength (+43.8%).

Kinematic, Anisotropic & GTN Models Results

• Chaboche Kinematic: Forward σxx = +468.50 MPa, Reverse yield
at σxx = −74.0 MPa (Bauschinger effect). Springback error 2.1%.

• Hill’48 Non-Associated: σxx = 248.50 MPa, τxy = 138.40 MPa.
Captures asymmetric interlock ear thinning.

• GTN Ductile Damage: f0 = 0.0050 → fvoid = 0.1574, D =
104.94%. Predicts neck shear cracking at ux = 4.25 mm.
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5.2 Comparative Analysis & Constitutive Model Performance Matrix

Material Model Neck Yield σy Peak Shear Fmax Springback Error Void Fraction fvoid Cracking Risk CPU Over. τcpu

Von Mises Isotropic 437 MPa 3.82 kN 38.0% N/A N/A 1.0×
Swift Power Law 405 MPa 3.95 kN 31.5% N/A N/A 1.1×
Voce Exponential 613 MPa 4.35 kN 29.0% N/A N/A 1.1×
Thickness Hardening 575 MPa 4.10 kN 18.4% N/A Moderate 1.2×
Chaboche Kinematic 469 MPa 4.05 kN 2.1% N/A Low 1.4×
Hill’48 Anisotropic 420 MPa 3.90 kN 15.0% N/A Asymmetric 1.5×
GTN Ductile Damage 385 MPa 3.65 kN 12.0% 0.1574 High (105%) 1.8×

Key Comparative Insights for Clinch Engineering

• Springback Prediction: Chaboche kinematic hardening is mandatory for accurate springback (≤ 2.1% error).

• Joint Peak Capacity: Local thickness hardening field σy(t/t0) is critical to avoid underestimating load capacity by > 30%.

• Failure Prediction: GTN ductile damage is the only model capable of predicting neck shear fracture.
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5.3 Constitutive Curve Overlays: Stress-Strain & Hysteresis Comparison

Monotonic Stress-Strain (σ − ε) Comparison
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Monotonic Strain Hardening Curve Overlays

Von Mises Isotropic (H = 500 MPa)
Swift Power Law (K = 550 MPa, n = 0.22)
Voce Exponential (R = 310 MPa)
Mapped Thinning y(t/t0)
GTN Void Softening (fvoid 0.157)

Hardening laws divergence & GTN ductile void softening.

Cyclic Bauschinger Hysteresis Loop (F − u)
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Cyclic Hysteresis & Bauschinger Effect (R = 1)
Isotropic Ideal Loop
Chaboche Kinematic Loop (Wdiss = 14.85 J)

Chaboche 2-back-stress hysteresis loop & dissipated energy Wdiss.
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6. Multi-Clinch Joint Arrays: Parametric 1D Line & 2D Grid Patterns
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Parametric Multi-Clinch Array Architecture

• Array Layout: Supports 1D line arrays (Nx × 1 or 1 × Ny) and 2D
grid arrays (Nx × Ny) with configurable pitch spacings (Sx, Sy).

• Cartesian Domain Partitioning: Slab area Wslab × Lslab parti-
tioned into (Nx + 1) × (Ny + 1) domain blocks with automated node
alignment.

• Core Replication & Boundary Stitching: Independent clinch core
meshes replicated at grid centers (Xi, Yj), boundary nodes stitched
cleanly into global slab grid without aspect ratio degradation.

• Multi-Contact Registration: Automatic creation of K = Nx · Ny

independent contact pair definitions (CP_1, . . . , CP_K).

Multi-Clinch Array Mesh Models

2 × 2 Multi-Clinch Grid Array (2,564 nodes, 1,288 H8 solid elements, 4
contact pairs).

Tributary Load Vector Distribution & Boundary Conditions

• Lap-Shear Tributary Loads: Shear forces at right edge (X =
Wslab) distributed according to tributary edge lengths Ly,j :

Fj,z = Ftotal · Ly,j · wz∑︁
k Ly,k · wk

(22)

preventing stress concentration singularities regardless of array size.

• Grip Tab Supports: Left edge (X = 0) Sheet 2 nodes fully con-
strained (ux = uy = uz = 0).

• Die Bed & Rail Guides: Optional roller supports (uz = 0 at Z = 0;
uy = 0 at Y = 0, Lslab).

3 × 3 Multi-Clinch Grid Array Model

3 × 3 Multi-Clinch Grid Array (5,508 nodes, 2,816 H8 solid elements, 9
contact pairs).
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7. Multi-Clinch Array Scalability & 3 × 3 Solution Verification

Multi-Clinch Joint Array Scalability Matrix
Array Config Nodes Elements (H8) Contact Pairs Max Disp (umax) Max Stress (σvM) Status

1 × 1 Single Clinch 740 352 1 0.154 mm 242.5 MPa PASS (100% Clean)
2 × 1 1D Line Array 1,372 672 2 0.218 mm 248.1 MPa PASS (100% Clean)
2 × 2 2D Grid Array 2,564 1,288 4 0.285 mm 249.8 MPa PASS (100% Clean)
3x3 2D Grid Array 5,508 2,816 9 0.312 mm 251.2 MPa PASS (100% Clean)

Empirical 3 × 3 Solution Verification Results

• C-Accelerated Convergence: Solved in 32.85 s using C-accelerated
contact mechanics engine.

• Max Nodal Displacement: umax = 0.3119 mm (physically stable,
smooth load distribution across all 9 joints).

• Peak von Mises Stress: σvM = 251.17 MPa concentrated cleanly at
clinch neck/undercut interlocks.

Element Topology & Contact Status Summary

• Element Jacobians: 100% clean node topology across all 2,816 H8
solid elements (det(J) > 0).

• Plastic Yielding: 528 solid elements successfully reached plastic
yield in neck interlock zones.

• Contact Status: All 9 contact pairs maintained stable non-
penetration condition (gn ≤ 0).
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8. Scientific Engineering Guidance for Clinch Joint Simulation

Constitutive Model Selection Decision Tree

1. For Quick Feasibility / Forming Geometry:

• Use Von Mises Isotropic or Swift Power Law.
• Fast calculation, stable Newton-Raphson convergence.

2. For Joint Load-Carrying Capacity (Fmax):

• Use Local Thickness Hardening Field σy(t/t0).
• Prevents underestimating strength by > 30%.

3. For Springback & Residual Stresses:

• Use Chaboche 2-Back-Stress Kinematic Hardening.

4. For Neck Shear Cracking & Failure Limits:

• Use GTN Ductile Damage Model.

FEPro Best Practice Guidelines

• C-Accelerator Enabled: Ensure fepro_solver.so is loaded to
achieve 10x-15x parallel speedup during radial return state updates.

• Mesh Quality Control: Verify 100% positive Hex8 element Jaco-
bians (det(J) > 0) in high-strain clinch neck regions.

• Soft Contact Regularization: Maintain ε = 1.0 µm soft contact
gap buffer to eliminate Newton-Raphson contact status chattering.
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